Abstract. Given a simple graph G (V, E) and a positive number d, an Ld(2, 1)-labelling of
We propose an analogous problem for simple graph G (V, E). Given a real number d > 0, an Ld(2,1)-labelling of G is a nonnegative real-valued function f V (G) [0, cx) such that, whenever x and y are two adjacent vertices in V, then If(x)-f(Y)l >-2d, and, whenever the distance between x and y is 2, then If(x) f(Y)l >-d. The Ld(2, 1)-labelling number of G is the smallest number m such that G has an Ld(2, 1)-labelling with no label greater than rn and is denoted by /k (G, d) . If f is an Ld(2, 1)-labelling of G, then we say that f E Ld(2, 1) (G) . Let G be a graph and f e Ld(2, 1) (G) . Define IIf (G)ll max{f(v) :v e V(G)}. Then A (G,d) min IIf (G) ll, where the minimum runs over all f e Ld(2, 1) (G) . In the language of Roberts [Ro3] , we are trying to minimize the span of an Ld(2, 1)-labelling. However, we allow 0 to be a label, unlike most other analogous parameters, because we can then nicely characterize A (G,d) in terms of A (G, 1) . We describe this in 2, where we also show that for A (G, 1) it suffices to consider integral-valued labellings. Thereafter we confine our study to (G, 1) , which we denote simply by /k (G) . Similarly, L(2, 1) L(2, 1)(G) denotes L1(2, 1) (G) . We let [0, k] denote the set {0, 1,...,k}.
In 3-5 we consider the labelling numbers of some fundamental classes of graphs. In 6 we present general upper bounds on in terms of the maximum degree A. We find that A is never much larger than/k 2 Diameter 2 graphs are studied in the next section, and the sharp upper bound/k2 is obtained for A in this case. Infinite families of graphs with A close to/k2 are described in 8. After investigating the complexity of the L1(2, 1)-labelling problem in 9, we conclude by proposing some problems for further research.
2. Reduction to integral-valued labellings. First, we want to characterize ik (G, d) in terms of A (G, 1) . Furthermore, we show that to determine A (G, 1) (G, d) 
Let f e Ld(2, 1) (G) . Define fl(x) f(x)/d, for all x e V(G). It follows easily that fl e L (2,1) (G) . This implies that IIf(G)ll/d IIf(G)I >_ (G, 1 
The lower bound of n + 3 is due to Jonas [J] . Suppose for contradiction that A(Qn) _< n + 2 for some n _>_ 5 and let f be an optimal labelling for such Q. Some vertex v is labelled 0 in an optimal labelling. The n vertices adjacent to v receive labels that are distinct and greater than 1; i.e., each of 2, 3,..., n + 2 is used with just one exception i. Since n >_ 5, if the labelling f does not use the label 3, it must use the label n-1. In the later case, we may "reflect" f and instead consider another optimal labelling, n + 2-f. By permuting vertices, we may assume that our optimal labelling f assigns 3 to vertex w. Let W denote the set of vertices at distance from w. The vertices in W1 must receive the distinct labels 0, 1, 5, 6,..., n + 2. There are () vertices in W2, each adjacent to two vertices in W1. If x e W2 is adjacent to the vertex in W with label j, then f(x) j-1,j,j / 1. Two vertices in W2 with the same label have no neighbors in common. It follows that label is used on W2 at most [(n 2)/2J times when 0, 1, 5, n + 2; [(n 1)/2J times when 2, 4; /(n 3)/2J times when 6,..., n / 1. Label 3 cannot be used on W2. Adding up the possible labels does not account for all () Both values can occur. The value A + 1 holds for many trees, e.g., the star K1,A. We exhibit several trees in Fig. 1 with A A + 2. All trees shown are, in fact, Acritical; i.e., deleting any vertex (or edge) drops A. It seems that characterizing all trees with A A + 2 is very difficult (see 10).
5. k-colorable graphs. Before considering the labelling number of general graphs G, we want to look at graphs with specified chromatic number x(G). Proof. Since x(G) k, we can partition G into GI U.. "UGk, where IV(G)Iand each G is an independent set. Let V V (G) To prove Theorem 7.3, we also need the following theorem due to Dirac [D] (see also IBM] [Y] we have the following theorem.
THEOREM 8.1. If G i8 the incidence graph of a projective plane of order n, then )(G) n 2 + n A 2 A, where A n + 1, the maximum degree of G.
Before the next theorem, let us recall the definition of the Galois plane. Let K be the Galois field of order n and let P {(Xl,X2, X3) x e K}\{(0,0,0)}. Define an equivalence relation on P in the following manner: (Xl,X2,X3) (yl,y2, y3) [al, a2, a3] .
The projective plane determined above will be called a Galois plane (over the coordinate field GF(n)) and will be denoted by PG2(n) (cf. [K] ).
Next, we construct another class of graphs from the Galois plane PG2(n) (cf. [B] ). Let V(H) be the set of points of PG2(n) and join a point (x, y,z) to a point (x', y', z') if xx'+ yy'+ zz'= 0, i.e., if (x', y', z') lies on the line Ix, y, z]. We call such a graph H the polarity graph of PG2(n). Then by the properties of PG2(n), we know that IV(H)I n 2 + n + 1, the maximum degree A(H) n + 1, the minimum degree 6(H) n and the diameter is 2 (cf. [B] In view of Lemma 7.1, the NP-completeness of (IDL) follows as an immediate consequence of the well-known NP-completeness of the Hamilton path problem (HP) (see [GJ] Add a vertex x to V and let x be adjacent to every vertex of V, i.e., G' (V , E), whereV'=Yt2{x}andE'=EU {{x,v}: for allveV}. ThenlV'l=lVl+l and diam(G')=2.
The NP-completeness of (DL) then follows from the NP-completeness of (IDL) and from the following claim. IUl + 1 IV, I. Then easily g E L(2,1)(G') and IIg (G,) ll IVI + 1 IV, Hence _< IV'l.
Conversely, suppose that A(G') _< Iv'l, i.e., there is a g in L(2, X) (G') 
